A new hybrid reliability analysis technique based on the convex modeling theory is developed for structures with multi-source uncertainties, which may contain randomness, fuzziness, and non-probabilistic boundedness. By solving the convex modeling reliability problem and further analyzing the correlation within uncertainties, the structural hybrid reliability is obtained. Considering various cases of uncertainties of the structure, four hybrid models including the convex with random, convex with fuzzy random, convex with interval, as well as convex with other three are built respectively. The present hybrid models are compared with the conventional probabilistic and the non-probabilistic models through two typical numerical examples. The results demonstrate the accuracy and effectiveness of the proposed hybrid reliability analysis method.
Introduction
With the growing complexity of practical engineering problems, the uncertainty relating to material properties, loads, boundary conditions, etc. has become more and more profound [1] [2] [3] [4] [5] . Traditional analytic approaches derived from probability models and fuzzy models have been widely applied to varieties of industrial communities in past decades [6] [7] [8] [9] [10] .
Traditional structural reliability analyses require precise probability distributions or membership functions of the uncertain parameters based on a great amount of experimental † Corresponding author, Associate Professor, e-mail: xjwang@ buaa.edu.cn, Tel: +86-10-82313658 samples. However, in many engineering applications, the experimental data is often limited and thus the requirement of the available data to justify either the probabilistic reliability model or the fuzzy reliability model is not satisfied. The given subjective assumptions on description of the uncertainty characteristics is likely to bring about a serious error of the reliability analysis [11] [12] [13] [14] .
Some non-probabilistic methods for analyzing reliability via limited parametric data have been developed and been paid more and more attention during the past two decades.
Ben-Haim [15] first proposed the concept of structural non-probabilistic safety based on the convex model. Elishakoff [16] first proposed a quantitative measure of the non-probabilistic safety based on interval analysis. Guo et al. [17] [18] [19] extended the traditional first order reliability method (FORM) into the interval convex model, and whereby quantified the uncertain structural parameters as interval variables and proposed another measure of the 'non-probabilistic reliability', which was taken as the shortest distance from the origin to the failure surface. Qiu et al. [14, [20] [21] suggested a non-probabilistic model of convex reliability using the partial order relation of the superscribed hyper-rectangle or hyper-ellipsoid. Jiang et al. [22] [23] carried out a correlation analysis for the non-probabilistic convex models, and further developed an effective method of construction of the multidimensional ellipsoids on the uncertainty in order to overcome the drawback of the non-probabilistic convex reliability in complex structural engineering. Several reliability-based optimization design methods were also developed by treating the non-probabilistic reliability indexes as constraints [24] [25] [26] .
However, most of the existing reliability analyses generally employ the single-source uncertainty models, which consider randomness, fuzziness, or non-probabilistic (interval/convex) uncertainty separately rather than their combination. In view of the complexity in practical applications, there is considerable interest in developing efficient methods for dealing with problems comprising of mixed uncertain variables [27] .
In recent years, researchers have studied the hybrid reliability analysis structures. When the probabilistic and interval variables appear in the same problem, numerical methods have been proposed. These include the function approximation technique [28] , the iterative rescaling method [29] , the probability bounds approach [30] , the mixed perturbation Monte-Carlo method [31] , and the complex nesting optimization algorithm [32] , among others [6, [33] [34] [35] [36] [37] . Randomness
where f P is the failure probability,
where [] E  is the mathematical expectation. The fuzzy random reliability can be obtained as 
Structural safety estimation based on non-probabilistic set theory
The above two methods based on probability approach and fuzzy theory need to have sufficient information to determine the probability distributions and the membership functions, respectively. However, experimental data is often limited, which causes the requirement of the available data to justify the probabilistic reliability model or the fuzzy reliability model may not be satisfied. Under the circumstance, the convex method based on non-probabilistic set theory is attracting more attention. Two typical models for structural safety measure are described in this section.
Reliability analysis based on interval model
Assuming that 
where  represents the possibility. Consequently, the non-probabilistic measure of structural safety is
As an example, Fig. 1 illustrates the case of two-dimensional interval reliability model, in which the structural safety is defined when 12 YY  .
Reliability analysis based on convex model
Supposing a n-dimensional uncertain variable vector
. The boundary of each variable is determined by the following hyper-ellipsoid: 
where   12 , ,..., 
Similarly, for a bi-variable problem with uncertain parameters 1 Z and 2 Z as shown in normalization, as shown in Fig. 3 . Assume that the structure is safe if 12 ZZ  . In this case, the failure/safety measure of the structure can be deduced from the following expressions: 
where d is the distance from the origin to the limit state function (shown in Fig. 3 ).
As above mentioned, the non-probabilistic reliability analysis based on the convex model may show superiority to some extent when available information of uncertainties is insufficient. Moreover, the convex model has some advantages over the interval model. On the one hand, the uncertain parameters enclosed by the convex model no longer satisfy the assumption of independence. On the other hand, the uncertain variables in the convex model can be explicitly expressed as continuously differentiable equations, whereas those in the interval model not.
Due to the increasing complexity of engineering structures, the study on multi-source uncertainties, especially the hybrid reliability analysis is of profound significance. In the following section, several cases of the convex model combined with different types of uncertain factors will be proposed.
Hybrid reliability analysis based on convex modeling theory
In this section, four typical combined models based on the convex method are proposed for estimation of the structural safety under different cases of multi-source uncertainties.
These models or algorithms are alternatives to the current hybrid uncertainty analysis.
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Reliability analysis of the convex and random mixed model
If both random variables and non-probabilistic convex variables are contained in the basic variables relating to the limit state function, the failure surface can be expressed as Assuming that the random vector X is taken as a constant one, and hence the hybrid model can be transformed into a non-probabilistic convex model. Similarly, it will be transformed into a random model when the convex vector Z is confirmed. Therefore, the reliability analytical model based on single uncertainty source is generally the special case of the mixed one.
Let one implementation
as the initial random vector X . According to the convex theory, the non-probabilistic reliability of x can be derived as [14] 
By virtue of the distributional density function of X , the structural hybrid reliability can be defined as
As x ultimately decides the expression of    x , the subsection solution method should be applied for realization of Eq. (20).
Considering a linear limit state function is considered as
where X is a random variable and its probability density function is   
According to Eq. (20), the hybrid reliability is also zero, i.e., 0
, the failure surface is in region ②. Utilizing Eqs. (16) and (17),
3) In region ③, the span of X is     
and
where
, the failure surface will no longer intersect the feasible region of convex modeling variables.
is always equal to unity, and the hybrid reliability is
The final hybrid reliability based on the convex and the random mixed model is summation of the four regions, that is,
Reliability analysis of the convex and fuzzy random mixed model
In this model, the random variables will be replaced by the fuzzy random variables. Thus the failure surface can be rewritten as
For a given
, the non-probabilistic reliability   X  x can be known by the convex method. Then the structural hybrid reliability is
Taking into account the influence of 
The approximate analytical approach as in Section 4.1 is used again to obtain the final hybrid reliability as
Reliability analysis of the convex and interval mixed model
If the limit state function contains both the convex and interval non-probabilistic uncertainties, i.e.,
The feasible region of the uncertain parameters would be formed into a hyper-volume, which lies between the hyper-rectangle and the hyper-ellipsoid. Fig. 5 illustrates a three-dimensional case. In the circumstance, the failure region and the safety region are divided by Eq. (35) , and the structural failure/safety measure based on the non-probabilistic set-theory are still applicable to the hybrid model with minor modifications.
For ease of presentation, introducing a linear limit state function as 
Y and Y directly change the intersection between the hyper-volume domain and the failure surface. Through comprehensive analysis, the following cases should be considered (see Fig. 6 for details).
Case Ⅰ (Fig. 6 (a) ): When
, the hybrid reliability is zero, i.e., 0 Fig. 6 (b) ), the hybrid Fig. 6 (e) ), the hybrid reliability to  (Fig. 6 (g) ), the hybrid reliability Fig. 6 (h) ), the hybrid reliability Fig. 6 (j) ), the hybrid reliability is unity, i.e.,
As mentioned above, the convex method based on non-probabilistic set theory can be effectively utilized to deal with the reliability analysis under the interval and the convex mixed model. Particularly the problem stated by Eq. (36), once the lower and the upper accuracy and efficiency, are the core factor in selecting appropriate models. Fig. 7 illustrates more details.
Numerical examples

A cantilever beam
As the first example, we consider a cantilever beam as shown in Fig. 8 The uncertainty characteristics are listed in Table 2 .
The limit state function of this example can be expressed as
Based on the proposed hybrid reliability models in Section 4, the structural reliability of case (1) is obtained and shown in Fig. 9 . From the reliability analysis of single-source uncertainty in Section 3, the structural reliability of Case 2 is also obtained and shown in Fig.   10 . The numerical results of Case 1 and 2 are compared in Table 3 for 1, 1.5, 2 a  .
From the results in Fig. 9 , Fig. 10 and Table 3 , the following points can be summarized:
(1) The reliability results given by either the hybrid models or the single-source models with different combinations of uncertain parameters decrease as the change factor a increases, as expected. This indicates that a higher uncertainty leads to a lower structural safety.
(2) The hybrid reliability obtained by the convex and random mixed model is coincident with that derived from the convex and fuzzy random mixed model when the smaller value a .
As the increase of a , however, due to the existence of fuzziness, the results based on the latter are more conservative. the hybrid reliability models, we also can obtain some meaningful conclusion: on the one hand, the assumption of precise probabilistic distributions for all of the uncertain variables may be dangerous; on the other hand, the interval analytic methods, in which all uncertainties are quantified by interval variables, may lead to excessively conservative results so that higher economic costs have to be paid on safety consideration for structural design. It should be emphasized that the structural reliability is closely related to the uncertain parameters, and hence subjective assumptions may yield unreliable results.
Buckling problem of laminated composite shell
In order to illustrate the validity and feasibility of the presented hybrid reliability method, the buckling problem of a composite shell will be used to investigate the influence of multi-source uncertainties in material properties and external loads on the structural reliability. , , ,
are also regarded as the uncertain parameters. The experimental data of elastic moduli from by Ref. [44] are listed in Table 4 .
Several cases including one hybrid uncertainty problem and three single-source uncertainty problems are considered and the dimensionless uncertainty characteristics are summarized in Table 5 .
According to the basic equations of buckling problem for a compressed composite shell, the closed-form of the buckling load obtained from Ref. [45] can be used, and hence the limit state function is expressed as 2  21  12  1  2  21  12   22  12 23 13  22 13  11 23  33  2  2  2  11 22  12 , , , Fig. 12 , and the partially enlarged region for typical domain of  is shown in Fig. 13 and. In addition, those for given specific values of ply angle  are summarized in Table 6 .
The reliability results given by either the hybrid model or the other three types of single-source uncertainty models reflect the same increasing or decreasing trend along with the change of the ply angle  . This implies that the proposed hybrid analytic method can be properly applied into complex structural problems. Furthermore, the mechanical properties of the composite cylindrical shell may vary significantly with the laminate configuration. For example, when  equals 20  , the laminated structure is definitely safe with a unity reliability; when  equals 45  , however, the composite cylindrical shell will be under the state of complete failure with a null reliability.
The single-source uncertainty models including the probabilistic model, convex model, show that the probabilistic model gives the largest buckling reliability, the hybrid model the second, then the convex, and the interval model gives the smallest, for a certain  .
Conclusions
In engineering analysis and design, it is necessary to properly deal with the uncertainties that affect the structural performance. As the uncertainties may consist of multi-source and multi-dimensional parameters in practical structural problems, the current reliability analytical Table 3 Reliability analysis results of the cantilever beam structure 
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